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Abstract. Based on the notion of dilatation structure 121, we give an intrinsic treatment to sub- 
riemannian geometry, started in the paper 14]. Here we prove that regular sub-riemannian manifolds 
admit dilatation structures. From the existence of normal frames proved by Bellaiche we deduce 
the rest of the properties of regular sub-riemannian manifolds by using the formalism of dilatation 
structures. 



1. Introduction 

Sub-riemannian geometry is the modem incarnation of non-holonomic spaces, dis- 
covered in 1926 by the romanian mathematician Gheorghe Vranceanu |[22l . |[23ll . 
The sub-riemannian geometry is the study of non-holonomic spaces endowed with 
a Carnot-Caratheodory distance. Such spaces appear in applications to thermody- 
namics, to the mechanics of non-holonomic systems, in the study of hypo-elliptic 
operators cf. Hormander fT4], in harmonic analysis on homogeneous cones cf. Fol- 
land. Stein [10], and as boundaries of CR-manifolds. 

The interest in these spaces comes from several intriguing features which they 
have: from the metric point of view they are fractals (the Hausdorff dimension with 
respect to the Carnot-Caratheodory distance is strictly bigger than the topological 
dimension, cf. Mitchell 1,17.1 ); the metric tangent space to a point of a regular sub- 
riemannian manifold is a Camot group (a simply connected nilpotent Lie group 
with a positive graduation), also known classicaly as a homogeneous cone; the 
asymptotic space (in the sense of Gromov-Hausdorff distance) of a finitely gener- 
ated group with polynomial growth is also a Carnot group, by a famous theorem of 
Gromov [11] wich leads to an inverse to the Tits alternative; finally, on such spaces 
we have enough structure to develop a differential calculus resembling to the one 
proposed by Cheeger (9) and to prove theorems like Pansu' version of Rademacher 
theorem [18], leading to an ingenious proof of a Margulis rigidity result. 
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There are several fundamental papers dedicated to the establisment of the sub- 
riemannian geometry, among them Mitchell lITTl . Bellaiche l l ], a substantial pa- 
per of Gromov asking for an intrinsic point of view for sub-riemannian geome- 
try |[T3l . Margulis, Mostow [15], [16], dedicated to Rademacher theorem for sub- 
riemannian manifolds and to the construction of a tangent bundle of such mani- 
folds, and Vodopyanov iflQl (among other papers), concerning the same subject. 

There is a reason for the existence of so many papers, written by important 
mathematicians, on the same subject: the fundamental geometric properties of sub- 
riemannian manifolds are very difficult to prove. Maybe the most difficult problem 
is to provide a rigorous construction of the tangent bundle of such a manifold, 
starting from the properties of the Camot-Caratheodory distance, and somehow 
allowing to generalize Pansu' differential calculus. 

In several articles devoted to sub-riemannian geometry, these fundamental re- 
sults were proved using differential geometry tools, which are not intrinsic to sub- 
riemannian geometry, therefore leading to very long proofs, sometimes with un- 
clear parts, corrected or clarified in other papers dedicated to the same subject. 

The fertile ideas of Gromov, Bellaiche and other founders of the field of anal- 
ysis in sub-riemannian spaces are now developed into a hot research area. For 
the study of sub-riemannian geometry under weaker than usual regularity hy- 
pothesis see for example the string of papers by Vodopyanov, among them ||T9l . 
II20I . In these papers Vodopyanov constructs a tangent bundle structure for a sub- 
riemannian manifold, under weak regularity hypothesis, by using notions as hori- 
zontal convergence. 

Based on the notion of dilatation structure |2|, I tried to give a an intrinsic 
treatment to sub-riemannian geometry in the paper [4], after a series of articles Q, 
in, Q dedicated to the sub-riemannian geometry of Lie groups endowed with left 
invariant distributions. 

In this article we show that normal frames are the central objects in the estab- 
Ushment of fundamental properties in sub-riemannian geometry, in the following 
precise sense. We prove that for regular sub-riemannian manifolds, the existence 
of normal frames (definition 13.71 ) implies that induced dilatation structures exist 
(theorems 16.31 16.41 ). The existence of normal frames has been proved by Bellaiche 
m, starting with theorem 4. 15 and ending in the first half of section 7.3 (page 62). 
From these facts all classical results concerning the structure of the tangent space 
to a point of a regular sub-riemannian manifold can be deduced as straightforward 
consequences of the structure theorems I4.2[ 14.31 14.4[ 14.51 from the formalism of 
dilatation structures. 

In conclusion, our purpose is twofold: (a) we try to show that basic results in 
sub-riemannian geometry are particular cases of the abstract theory of dilatation 
structures, and (b) we try to minimize the contribution of classical differential cal- 
culus in the proof of these basic results, by showing that in fact the differential 
calculus on the sub-riemannian manifold is needed only for proving that normal 
frames exist and after this stage an intrinsic way of reasoning is possible. 
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If we take the point of view of Gromov, that the only intrinsic object on a 
sub-riemannian manifold is the Camot-Caratheodory distance, the underlying dif- 
ferential structure of the manifold is clearly not intrinsic. Nevertheless in all proofs 
that I know this differential structure is heavily used. Here we try to prove that 
in fact it is sufficient to take as intrinsic objects of sub-riemannian geometry the 
Camot-Caratheodory distance and dilatation structures compatible with it. 

The closest results along these lines are maybe the ones of Vodopyanov. There 
is a clear correspondence between his way of defining the tangent bundle of a 
sub-riemannian manifold and the way of dilatation structures. In both cases the 
tangent space to a point is defined only locally, as a neighbourhood of the point, 
in the manifold, endowed with a local group operation. Vodopyanov proves the 
existence of the (locally defined) operation under very weak regularity assumptions 
on the sub-riemannian manifold. The main tool of his proofs is nevertheless the 
differential structure of the underlying manifold. In distinction, we prove in [2], in 
an abstract setting, that the very existence of a dilatation structure induces a locally 
defined operation. Here we show that the differential structure of the underlying 
manifold is important only in order to prove that dilatation structures can indeed 
be constructed from normal frames. 

Aknowledgements. I want to thank the anonymous referee for several valuable 
suggestions, as mentioned further in the paper. 

2. Metric profiles 

Notations. The space CM S is the collection of isometry classes of pointed com- 
pact metric spaces. The notation used for elements of CM S is of the type [X, d, x], 
representing the equivalence class of the pointed compact metric space {X, d, x) 
with respect to (pointed) isometry. The open ball of radius r > and center 
X G (X,d) is denoted by B{x,r) or Bd{x,r) if we want to emphasize the de- 
pendence on the distance d. The notation for a closed ball is obtained by adding an 
overline to the notation for the open ball. The distance on CMS is the Gromov- 
Hausdorff distance dcH between (isometry classes of) pointed metric spaces and 
the topology is induced by this distance. For the Gromov-Hausdorff distance see 
Gromov [ 12 1. We denote by 0(e) a positive function such that lim 0(e) = 0. 

To any locally compact metric space there is an associated metric profile (Bu- 
liga m, Q). 

Definition 2.1. The metric profile associated to the locally compact metric space 
{M, d) is the assignment (for small enough e > Oj 

{e>0, xe M) ^ P™(e,x) = [B{x,l),-d,x\ G CMS 



We may define a notion of metric profile which is more general than the previ- 
ous one. 
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Definition 2.2. A metric profile is a curve P : [0, a] — > CMS such that 

(a) it is continuous at 0, 

(b) for any fi S [0, a] and e £ (0, 1] we have 

The function 0{ji) may change with e. We used the notations 

¥{fi) = [B{x,l),d^,x^] and F^^^is^x) = 

We shall unfold further the definition 12.21 in order to clearly understand what 
is a metric profile. For any ^ G (0, a] and for any 5 > there is e{n, b) G (0, 1) 
such that for any e S (0, e{^, h)) there exists a relation p = p^^^ C Bd^{x^, e) x 
Bd,,Axfj-eA) such that: 

1. dam pe^f, is 6-dense m_B^^ (x^, e), 

2. im pe,f, is 6-dense in Bd^^ {Xf,s, 1), 

3. {^Xfi, Xfig) G Pe^fjL, 

1 

4. for all X, y G dam p^^fj. we have | -ci^j(x, y) — d^si^', y') \ < b, for any x', y' 
such that (x, x'), (y, y) G /Ce,^. 

Therefore a metric profile gives two types of information: 

- a distance estimate like the one from point 4 above, 

- an "approximate shape" estimate, like in the points 1-3, where we see that two 
sets, namely the balls 5rf^(x^,e) and Bd^^{x^ei 1)> are approximately isomet- 
ric. 

The metric profile e ^ P™(e, x) of a metric space (M, d) for a fixed x G M 
is a metric profile in the sense of the definition 12.21 if and only if the space (Af, d) 
admits a tangent space in x. Here is the general definition of a tangent space in the 
metric sense. 

Definition 2.3. A (locally compact) metric space (M, d) admits a (metric) tangent 
space in X (z M if the associated metric profile e P™(£, x) (as in definition \2. li 
admits a prolongation by continuity in e = 0, i.e if the following limit exists: 

[T,M,d^,x] = limP'"(e,x) (2.1) 

Metric tangent spaces are metric cones. 

Definition 2.4. A metric cone {X, d, x) is a locally compact metric space {X, d), 
with a marked point x G X such that for any a,b (z (0, 1] we have 

P"(a,x) =P"(6,x) 



B{x, 1), -d^,,x^ 
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Metric cones have the simplest metric profile, which is one with the property: 
{B{xh, 1), db, Xh) = {X, di,,x). In particular metric cones have dilatations. 

Definition 2.5. Let {X, d, x) be a metric cone. For any e € (0, 1] a dilatation is a 
function 5^ : B{x,l) — > B{x,e) such that 

(a) 6^{x) = x, 

(b) for any u,v X we have 

d{5^{u),6l{v)) =ed{u,v) 

The existence of dilatations for metric cones comes from the definition 12.41 
Indeed, dilatations are just isometrics from {B{x, 1), d, x) to {B, ^d, x). 

3. Sub-riemannian manifolds 

Let M be a connected n dimensional real manifold. A distribution is a smooth 
subbundle D of M. To any point x £ M there is associated the vector space 
Dx C TxM. The dimension of the distribution D at point x € M is denoted by 

m{x) = dimDx 

The distribution is smooth, therefore the function x G M i— > m(x) is locally con- 
stant. We suppose further that the dimension of the distribution is globally constant 
and we denote it by m (thus m = m{x) for any x G M). Clearly m < n; we are 
interested in the case m < n. 

A horizontal curve c : [a,b] — > M is a curve which is almost everywhere 
derivable and for almost any t G [a, b] we have c{t) G -Dc(t)- The class of horizontal 
curves will be denoted by Hor{M, D). 

Further we shall use the following notion of non-integrability of the distribution 

D. 

Definition 3.1. The distribution D is completely non-integrable if M is locally 
connected by horizontal curves curves c G Hor{M, D). 

A sufficient condition for the distribution D to be completely non-integrable is 
given by Chow condition (C) [8|. 

Theorem 3.2. ( Chow) Let D be a distribution of dimension m in the manifold M. 
Suppose there is a positive integer number k (called the rank of the distribution D) 
such that for any x G X there is a topological open ball U (x) C M with x G f7 (x) 
such that there are smooth vector fields Xi, ...,Xm in U{x) with the property: 

(C) the vector fields Xi, ...,Xm span and these vector fields together with 
their iterated brackets of order at most k span the tangent space TyM at every 
point y G U (x). 

Then the distribution D is completely non-integrable in the sense of definition 

nil 
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Definition 3.3. A sub-riemannian (SR) manifold is a triple {M, D, g), where M is 
a connected manifold, D is a completely non-integrable distribution on M, and g 
is a metric (Euclidean inner-product) on the distribution (or horizontal bundle) D. 



3.1 The Carnot-Caratheodory distance 

Given a distribution D which satisfies the hypothesis of Chow theorem I3.2[ let us 
consider a point x € M, its neighbourhood U{x), and the vector fields Xi, 
satisfying the condition (C). 

One can define on U{x) a filtration of bundles as follows. Define first the class 
of horizontal vector fields on U : 



Here [•, •] denotes the bracket of vector fields. We obtain therefore a filtration 



X^{U{x), D) C X^^^{U{x),D). Evaluate now this filtration at y G U{x): 
V^{y,U{x),D) = {X{y):X eXi{U{x),D)} 



According to Chow theorem there is a positive integer k such that for all y G C/ (x) 
we have 



Dy = V\y, U{x), D) C V\y, U{x), D) C ... C V''{y, U{x), D) = TyM 



Consequently, to the sub-riemannian manifold is associated the string of numbers: 

= d\mV^{y,U{x),D) < U2{y) = dimy^(y, U{x),D) < ... <n = dimM 

Generally k, yj{y) may vary from a point to another. 

The number k is called the step of the distribution at y. 

Definition 3.4. The distribution D is regular ifuj{y) are constant on the manifold 
M. The sub-riemannian manifold M, D, g) is regular if D is regular and for any 
X & M there is a topological ball U (x) C M with x (z U (M) and an orthonormal 
(with respect to the metric g) family of smooth vector fields {Xi, ...,Xm} in U (x) 
which satisfy the condition ( C). 

The lenght of a horizontal curve is 



XHU{x),D) 



{X G X°^{U) : Vy G U{x) , X{y) G Dy} 



Next, define inductively for all positive integers j: 



X^^\U{x),D) = X^{U{x),D) + [X^{U{x),D),X^{U{x),D)\ 




The length depends on the metric g. 
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Definition 3.5. The Camot-Caratheodory distance (or CC distance) associated to 
the sub-riemannian manifold is the distance induced by the length I of horizontal 
curves: 

d{x, y) = inf {1(c) : c G Hor{M, D) , c(a) = x , c{b) = y} 

The Chow theorem ensures the existence of a horizontal path Unking any two 
sufficiently closed points, therefore the CC distance is locally finite. The distance 
depends only on the distribution D and metric g, and not on the choice of vector 
fields Xi, ...,Xm satisfying the condition (C). The space (M, d) is locally compact 
and complete, and the topology induced by the distance d is the same as the topol- 
ogy of the manifold M. (These important details may be recovered from reading 
carefully the constructive proofs of Chow theorem given by Bellaiche [IJ or Gro- 
mov US.) 

3.2 Normal frames 

In the following we stay in a small open neighbourhood of an arbitrary, but fixed 
point xq e M. All results are local in nature (that is they hold for some small 
open neighbourhood of an arbitrary, but fixed point of the manifold M). That is 
why we shall no longer mention the dependence of various objects on xq, on the 
neighbourhood U{xo), or the distribution D. 

We shall work further only with regular sub-riemannian manifolds, if not oth- 
erwise stated. The topological dimension of M is denoted by n, the step of the 
regular sub-riemannian manifold (M, D, g) is denoted by k, the dimension of the 
distribution is m, and there are numbers Vj, j = 1, ...,k such that for any x G M 
we have dim V^{x) = Vj. The Carnot-Caratheodory distance is denoted by d. 

Definition 3.6. An adapted frame is a collection of smooth vector 

fields which is obtained by the construction described below. 

We start with a collection Xi, ...,Xm of vector fields which satisfy the condi- 
tion (C). In particular for any point x the vectors Xi{x), ...,Xm{x) form a ba- 
sis for Dx- We further associate to any word ai....aq with letters in the alphabet 
1, m the multi-bracket [Xa^ , [..., Xa^]...]. 

One can add, in the lexicographic order, n — m elements to the set 
{Xi , Xfn } until we get a collection {Xi , Xn } such that: for any j = 1 , . . . , /c 
and for any point x the set {Xi{x), ...,Xy. (x)} is a basis for V\x). 

Let {Xi, ...,Xn} be an adapted frame. For any j = 1, n the degree deg Xj 
of the vector field Xj is defined as the only positive integer p such that for any 
point X we have 

x,{x)eVxP\VP-Hx) 

Further we define normal frames. The name has been used by Vodopyanov 
|fT9l . but for a slightly different object. The existence of normal frames in the sense 
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of the following definition is the hardest technical problem in the classical estab- 
Ushment of sub-riemannian geometry. For the informed reader the referee pointed 
out that condition (a) Definition l3.7l is a part of the conclusion of Gromov approx- 
imation theorem, namely when one point coincides with the center of nilpotenti- 
zation; also condition (b) is equivalent with a statement of Gromov concerning the 
convergence of rescaled vector fields to their nilpotentization (an informed reader 
must at least follow in all details the papers Bellaiche fT] and Gromov (TT], where 
differential calculus in the classical sense is heavily used). Therefore the condi- 
tions of Definition 13.71 concentrate that part of the foundations of sub-riemannian 
geometry which makes use of classical differential calculus. 

The key details in the Definition below are uniform convergence assumptions. 
This is in line with Gromov suggestions in the last section of Bellaiche UJ- 

Definition 3.7. An adapted frame {Xi, X„} is a normal frame if the following 
two conditions are satisfied: 

(a) we have the limit 

^lim id l^exp (^e'^'^x^a^x}^ = A{y,a) € (0,+oo) 

uniformly with respect to y in compact sets and a = (oi, ...,a„) S W, with 
W CM.'^ compact neighbourhood o/O G M", 

(b) for any compact set K C M with diameter (with respect to the distance d) 
sufficiently small, and for any i = 1, n there are functions 

Pi{-,;-) :Uk ^Uk ^ K 

with Uk C a sufficiently small compact neighbourhood o/O E such 
that for any x G K and any a,b (z Uk we have 

exp ^^ajXi^ {x) = exp i^^^Pi{a,h,y)X^ o exp 

and such that the following limit exists 

lim e-'^^3 X, p. ^^deg X, ^, ^ ^deg ^fc 5^ ^ 3;) g ^ 
e— >0+ 

and it is uniform with respect to x G K and a, 6 G Uk- 

The existence of normal frames is proven in Bellaiche starting with theo- 
rem 4.15 and ending in the first half of section 7.3 (page 62). 

In order to understand normal frames let us look to the case of a Lie group 
G endowed with a left invariant distribution. The distribution is completely non- 
integrable if it is generated by the left translation of a vector subspace D of the 
algebra q = T^G which bracket generates the whole algebra g. Take {Xi, X^} 
a collection of m = dim D left invariant independent vector fields and define with 
their help an adapted frame, as explained in definition 13.61 Then the adapted frame 
{Xi, Xn \ is in fact normal. 
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4. Dilatation structures 

In this section we review the definition and main properties of a dilatation structure, 
according to 121. ll3l. 

4.1 The axioms of a dilatation structure 

Further are listed the axioms of a dilatation structure {X, d, 6), starting with axiom 
0, which is a preparation for the axioms which follow. 

We restrict the generality from 121 to the case which is related to sub- 
riemannian geometry, that is we shall consider only dilatations 6^ with e G 

(0,+oo). 

AO. The dilatations 

5f : U{x) ^ K(x) 

are defined for any e G (0, 1]. The sets U{x), Ve{x) are open neighbourhoods 
of X. All dilatations are homeomorphisms (invertible, continuous, with contin- 
uous inverse). 

We suppose that there is a number I < A such that for any x G X we have 

Mx,A) C U{x) . 
We suppose that for all e G (0, 1), we have 

Bdix,e) C 5lBd{x,A) C C U{x) . 

There is a number B G (1, ^) such that for any e G (1, +oo) the associated 
dilatation 

■.We{x)^Bd{x,B), 

is injective, invertible on the image. We shall suppose that We{x) is a open 
neighbourhood of x, 

K-i(x) C We{x) 

and that for all e G (0, 1) and u G U{x) we have 

(5^-1 6^u = u . 

We have therefore the following string of inclusions, for any e G (0, 1), and 

any x G X: 

Bd{x,e) C 5'tBd{x,A) c Ve{x) C W,-.{x) c 6^,Bd{x,B) . 

A further technical condition on the sets Ve{x) and We{x) will be given just 
before the axiom A4. (This condition will be counted as part of axiom AO.) 
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Al. We have S^x = x for any point x. We also have Sf = id for any x e X. 
Let us define the topological space 

dom S = {{s, x, y) G (0, +00) x X x X : if£<l then y G U{x) , 

else y G Ws{x)} 

with the topology inherited from the product topology on (0,+oo) x X x X. 
Consider also Cl{dom6), the closure of dom 6 in [0, +00) x X x X with 
product topology. The function 6 : dom S ^ X defined by S{e, x, y) = S^y is 
continuous. Moreover, it can be continuously extended to Cl{domS) and we 
have 

lim 5^y = x 

A2. For any x,e K, e, iJ. E (0, 1) and u G Ba{x, A) we have: 

A3. For any x there is a function {u,v) <—>■ d^{u,v), defined for any u,v in the 
closed ball (in distance d) B{x,A), such that 

lini supjl ^d{5^u,6^v) - d^{u,v) \ : u,v e Bd{x, A)^ = 

uniformly with respect to x in compact set. 

Remark that d^ may be a degenerated distance: there might exist v^w G U{x) 
such that d^{v, w) = 0. 

For the following axiom to make sense we impose a technical condition on the 
co-domains V^(x): for any compact set K C X there are i? = R{K) > and 
£0 = ^{K) G (0, 1) such that for all u,v & Bd,{x, R) and all e G (0, eq), we have 

6^v G W,-i{S^u) . 

With this assumption the following notation makes sense: 

The next axiom can now be stated: 
A4. We have the Umit 

lim A^{u, v) = A^{u, v) 
uniformly with respect to x,u,vin compact set. 

Definition 4.1. A triple {X, d, S) which satisfies AO, Al, A2, A3, but d^ is degener- 
ate for some x (z X, is called degenerate dilatation structure. 

If the triple (X, d, 5) satisfies AO, Al, A2, A3, A4 and d^ is non-degenerate for 
any x G X, then we call it a dilatation structure. 
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4.2 Metric profile of a dilatation structure 



Here we describe the metric profile associated to a dilatation structure. This will 
be relevant further for understanding the geometry of the metric tangent spaces of 
regular sub-riemannian manifolds. 

The following result is a reformulation of theorem 6 HI. 

Theorem 4.2. Let {X, d, 5) be a dilatation structure, x ^ X a point in X, 
fi > sufficiently small, and let {5,n,x) be the distance on Bd=^{x,l) = 
{y G X: d^{x, y) < 1} given by 

{5,ii,x){u,v) = -d{5^^u,6^v) 

Then the curve ^ > i— > ¥^{p,) = [Bd^^ {x, 1), {5, fi, x),x] admits an extension by 
continuity to a metric profile, by setting P^(0) = [Bd"" {x, 1), d^ ,x]. More precisely 
we have the following estimate: 



dcH [Bd^{x,l),{5,e^i,x),x\, 



B 



1 



uniformly with respect to x in compact set. 



4.3 Tangent bundle of a dilatation structure 

The following two theorems describe the most important metric and algebraic 
properties of a dilatation structure. As presented here these are condensed state- 
ments, available in full length as theorems 7, 8, 10 in [2]. 

Theorem 4.3. Let (X, d, 5) be a dilatation structure. Then the metric space {X, d) 
admits a metric tangent space at x, for any point x G X. More precisely we have 
the following limit: 

lim - sup {| d{u, v) — d^{u, v) \ : d{x, u) < e , d{x, v) < e} = . 

e^O e 



Theorem 4.4. Let {X, d, 6) be a dilatation structure. Then for any x ^ X the triple 
(U{x), , 6^ ,d^) is a normed local conical group. This means: 

(a) is a local group operation on U (x), with x as neutral element and inv^ as 
the inverse element function; 

(b) the distance is left invariant with respect to the group operation from point 
(a); 

(c) For any e (z F, iy{e) < 1, the dilatation 6^ is an automorphism with respect to 
the group operation from point (a); 
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(d) the distance (F has the cone property with respect to dilatations: foar any 
u,v £ X such that d{x, n) < 1 and d{x, v) < 1 and all n € (0, A) we have: 



The conical group {U{x), ,S^) can be regarded as the tangent space of 
{X, d, 6) at X. Further will be denoted by: T^X = {U{x), U'-", d'-"). 
The following is corollary 4.7 IS. 

Theorem 4.5. Let {X, d, 6) be a dilatation structure. Then for any x £ X the 
local group {U {x) , E^) is locally a simply connected Lie group whose Lie algebra 
admits a positive graduation ( a Carnot group ). 



5. Examples of dilatation structures 

In this section we give some examples of dilatation structures, which share some 
common features. There are other examples, typically coming from iterated func- 
tions systems, which will be presented in another paper. 

The first example is known to everybody: take {X, d) = (M", ds), with usual 
(euclidean) dilatations 6^, with: 

dE{x,y) = \\x -y\\ , 6^y = x + e{y - x) . 

Dilatations are defined everywhere. There are few things to check: axioms 0,1,2 
are obviously true. For axiom A3, remark that for any e > 0, x, u, u € X we have: 

^dE{S^u,6^v) = dE{u,v) , 

therefore for any x € X we have d^ = dE- 

Finally, let us check the axiom A4. For any e > and x, n, f e X we have 

= X + e(n — x) + V — u 
therefore this quantity converges to 

X + V — U = X + {v — x) — {u — x) 

as e — > 0. The axiom A4 is verified. 

We continue further with less obvious examples. 
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5.1 Riemannian manifolds 

Take now cf) : W" — > W" a bi-Lipschitz diffeomorphism. Then we can define the 
dilatation structure: X = M", 

d<t>{x,y) = - (/>(y)|| , 5^y = x + e{y - x) , 

or the equivalent dilatation structure: X = M", 

d<t>{x,y) = \\x-y\\ , 5fy = c/)"^ (0(x) + e((/>(y) - (/>(x))) . 

In this example (look at its first version) the distance is not equal to <P . Indeed, 
a direct calculation shows that 

d^{u,v) = W{x){v-u)\\. 

The axiom A4 gives the same result as previously. 

Because dilatation structures are defined by local requirements, we can easily 
define dilatation structures on riemannian manifolds, using particular atlases of the 
manifold and the riemannian distance (infimum of length of curves joining two 
points). This class of examples covers all dilatation structures used in differential 
geometry. The axiom A4 gives an operation of addition of vectors in the tangent 
space (compare with Bellaiche UJ last section). 

5.2 Snowflakes 

The next example is a snowfiake variation of the euclidean case: X = M" and for 
any a G (0, 1] take 

da{x,y) = \\x-y\r , 6^y = x + e'^{y-x). 

We leave to the reader to verify the axioms. 

More general, if {X, d, S) is a dilatation structure then {X, da, S{a)) is also a 
dilatation structure, for any a e (0, 1], where 

daix,y) = {d{x,y)f , (5(a)f = . 

S a 

5.3 Nonstandard dilatations in the euclidean space 

Take X = with the euclidean distance. For any z G C of the form z = I + i9 
we define dilatations 

6sX = e^x . 

It is easy to check that {X, 5,+,d) is a conical group, equivalenty that the dilata- 
tions 

S^y = X + 6e{y - x) . 
form a dilatation structure with the euclidean distance. 
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Two such dilatation structures (constructed with the help of complex numbers 
1 + i6 and 1 + iO') are equivalent if and only if ^ = 6'. 

There are two other surprising properties of these dilatation structures. The 
first is that if 9 ^ then there are no non trivial Lipschitz curves in X which are 
differentiable almost everywhere. The second property is that any holomorphic and 
Lipschitz function from X to X (holomorphic in the usual sense on X = = C) 
is differentiable almost everywhere, but there are Lipschitz functions from X to 
X which are not differentiable almost everywhere (suffices to take a C°° function 
from to which is not holomorphic). 



6. Sub-riemannian dilatation structures 



To any normal frame of a regular sub-riemannian manifold we associate a dilatation 
structure. (Technically this is a dilatation structure defined only locally, as in the 
case of riemannian manifolds.) 

Definition 6.1. To any normal frame of a regular sub-riemannian 

manifold (Af , D, g) we associate the dilatation structure (M, d, 5) defined by: d is 
the Carnot-Caratheodory distance, and for any point x ^ M and any e € (0, +oo) 
(sufficiently small if necessary), the dilatation 5'^ is given by: 

6-, (exp [Y^a^xA (x) ) = exp ( a.e'^^^'^'X, ) (x) 



We shall prove that (M, d, 6) is indeed a dilatation structure. This allows us 
to get the main results concerning the infinitesimal geometry of a regular sub- 
riemannian manifold, as particular cases of theorems I4.2[|4.3[ 14.41 and l431 

We only have to prove axioms A3 and A4 of dilatation structures. We do this 
in the next two theorems. Before this let us decribe what we mean by "sufficiently 
closed". 

Convention 6.2. Further we shall say that a property V{xi, X2, x^,...) holds 
for xi,X2,X3, ... sufficiently closed if for any compact, non empty set K C X, 
there is a positive constant C{K) > such that 'P{xi,X2,X3, ...) is true for any 
xi,X2,X3, ... S K with d{xi,Xj) < C{K). 

In the following we prove a result similar to Gromov local approximation theo- 
rem |[T3l . p. 135, or to Bellaiche theorem 7.32 HI. Note however that here we take 
as a hypothesis the existence of a normal frame. 

Tlieorem 6.3. Consider Xi, ...,Xn a normal frame and the associated dilatations 
provided by definition 16.71 Then axiom A3 of dilatation structures is satisfied, that 
is the limit 

lim- d {5'-^ u,5'-5v) = d^{u,v) 

e— >0 £ 

exists and it uniform with respect to x,u,v sufficiently closed. 
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Proof. Let x,u,v G M be sufficiently closed. We write 

exp ^ UiXi \{x) , f = exp ^ ViXi 



u 



we compute, using definition 16.1 



^d(5fn,(5fu) = ^Jf exp [^luiX^j exp ^^^Wi^i^ (x)^ = 

= ^d ^exp [^e'''^''^u^X^ (x),exp e'^^^^^t;,^,^ (x)^ = 

/ n \ 

Let us denote by = exp e'^^^^'UjXj (x). Use the first part of the prop- 
erty (b), definition [22] of a normal system, to write further: 

Ae = ^d^n,,exp|^f;P,(e'^'=^^^-^,,e'^^3^^n,,x)X,j = 



£ 

We make a final notation: for any i = 1, n 



thus we have: 



1 1 / / " 

-d{5^u,5^v) = - d ( Ug,exp ( /v!' 



By the second part of property (b), definition l3.7[ the vector € M*^ converges to a 
finite value a!^ E M", as e — > 0, uniformly with respect to x, u, v in compact set. In 
the same time converges to x, as e ^ 0. The proof ends by using property (a), 
definition 13.71 Indeed, we shall use the key assumption of uniform convergence. 
With the notations from definition l3.7[ for fixed rj > the term 



B{v,e) = id l^^x^exp (^e'^^^x.^vx,^ 



converges to a real number a^) as e ^ 0, uniformly with respect to and 

a-rj. Since converges to x and converges to a*^ as 77 ^ 0, by the uniform 
convergence assumption in (a), definition 13. 7 1 we get that 



lim-d(6fu,6fv) = lim^(n„,a„) = A(x,a^) 
15 



The proof is done. □ 

In the next Theorem we prove that axiom A4 of dilatation structures is satisfied. 
The referee informed us that Theorem 16.41 also follows from results of Vodopy- 
anov and Karmanova \21\, quoted in [20] p. 267; a complete version of this re- 
sult will apear in a work by Karmanova and Vodopyanov "Geometry of Camot- 
Caratheodory spaces, differentiability and coarea formula" in the book "Analysis 
and Mathematical Physics", Birchhauser 2008. 

Theorem 6.4. Consider Xi , . . . , X„ a normal frame and the associated dilatations 
provided by definition 16.71 Then axiom A4 of dilatation structures is satisfied: as e 
tends to the quantity 

converges, uniformly with respect to x, u, v sufficiently closed. 

Proof. We shall use the notations from definition I3.6[|3.7[|6.11 
Let x,u,v G Af be sufficiently closed. We write 

u = exp UiXi^ (x) , V = exp ViXi^ (x) 

We compute now {u, v): 

AUu,v) 

Let us denote by Ue = 5^u. Thus we have 

A-,{u,v) = rf,exp^f^e'^^^^»t;,X,^ (x) 
We use the first part of the property (b), definition 13.71 in order to write 

exp(^e'''^''^v,x}j (x) = exp P,(e'^^^'^^t;„ e'^^^^'^Ufc, x)X, j ( 

We finish the computation: 

A-,{u,v) = exp|^f;e-'^^3^'P,(£'^^3^^z;„e^^^^'=nfc,x)X,j {lie) 

As £ goes to the point converges to x uniformly with respect to x, u sufficiently 
closed (as a corollary of the previous theorem, for example). The proof therefore 
ends by invoking the second part of the property (b), definition 13.71 □ 
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